Abstract. To achieve our main research goal, first we survey the approaches towards dual fusion frames existing in the literature and agree on the notion of duality for fusion frames in the sense of Kutyniok, Paternostro and Philipp (Oper. Matrices 11 (2017), no. 2, 301-336). As a main result we show that different fusion frames have different dual fusion frames. Moreover, this duality notion leads to a new definition of Bessel fusion multipliers which is a slightly modified version of the commonly used definitions. Particularly, we show that with this definition in many cases Bessel fusion multipliers behave similar to ordinary Bessel multipliers. Finally, special attention is devoted to the study of dual fusion frames induced by an invertible Bessel fusion multiplier.
Introduction
Due to the fundamental work done by Casazza and Kutyniok [7] , fusion frames (or frame of subspaces) was formally introduced and popularized from then on. Fusion frames play an important role in theory and applications; In details, recent studies shows that fusion frames provide effective frameworks for modeling of sensor networks, signal and image processing, filter banks and variety of applications that cannot be modeled by ordinary frames [8, 15, 23] . The essence of fusion frames is that we can first build ordinary frames in subspaces, called local frames, and then piece them together to obtain ordinary frames for the whole space. For some applications it is important to find dual fusion frames of a given fusion frame to reconstruct the modified data and compare it with the original data. In this paper, we are going to give new results on the duality of fusion frames as well as dual fusion frames induced by an invertible Bessel fusion multiplier. This results are not only of interest on their own, but they also paves the way to have different reconstruction strategies in terms of fusion frames. First, let us to review the notions of duality for fusion frames existing in the literature. To this end, we need to recall some notations and definitions.
Throughout this paper, we denote by H a separable Hilbert space with the inner product ·, · and I refers to a finite or countable index set. The notation W is used to denote the sequence {W i } i∈I of closed subspaces of H and ω denotes a sequence of weights {ω i } i∈I , that is, ω i ≥ 0. Also, (W, ω) refers to the fusion sequence {(W i , ω i )} i∈I , that is,
Recall from [7] (and also [22] ) that the fusion sequence (W, ω) is a fusion frame for H, if there exist constants 0 < α Wω ≤ β Wω < ∞ such that
where P W i denotes the orthogonal projection from H onto W i . The constants α Wω and β Wω are called lower and upper fusion frame bound, respectively. If only the right inequality of (1.1) is considered, then (W, ω) is called a Bessel fusion sequence. Recall also from [7] that for each sequence {W i } i∈I of closed subspaces of H, the space
= {z i } i∈I : z i ∈ W i and i∈I z i 2 < ∞ , (1.2) with the inner product {z i } i∈I , {y i } i∈I = i∈I z i , y i is a Hilbert space. For a Bessel fusion sequence (W, ω) of H, the analysis operator T W is defined by
Its adjoint T * W , the synthesis operator of (W, ω), maps K W into H and defined by T * W ({x i } i∈I ) = i∈I ω i x i . Moreover, the fusion frame operator S W : H → H is defined by S W (x) = i∈I ω 2 i P W i (x), which is a bounded, invertible and positive operator; see [7] for more information. Now, we are in position to discuss and compare the notions of duality for fusion frames existing in the literature. As far as we know the subject, the first definition was presented by Gǎvruţa [11] . This paper initiated a series of subsequent publications and has had a great impact; see for example [1, 2] . A Bessel fusion sequence (V, υ) = {V i , υ i }) i∈I is called a Gǎvruţa-dual fusion frame of (W, ω) if
It was shown in [7] that a Gǎvruţa-dual V of W is itself a fusion frame. We should however note that it is in general not true that W is a Gǎvruţa-dual of V. Moreover, we would like to mention that, in contrast to ordinary frames, equality (1.3) cannot be generally expressed in terms of corresponding synthesis and analysis operators. Motivated by these facts a general approach to dual fusion frames has been proposed by Heineken et al. [14] . More precisely, in [14] , a Bessel fusion sequence (V, υ) was called a dual fusion frame of (W, ω) if there exists a bounded operator 4) where here and in the sequel Id H is the identity operator on H. Here, we shall call these fusion sequences HMBZ-duals. This notion of duality paves the way to obtain results which are analogous to those valid for ordinary dual frames. Moreover, the authors of [14] present a very good analysis of the duality relation between two Bessel fusion sequences. They in particular characterize the set of all component preserving HMBZ-duals of a certain fusion frame; see Theorem 3.11 of [14] . As we understand from [22, Subsection 3.2] , any two fusion frames for H are HMBZ-duals. In details, there is too much freedom in the choice of the operator Q in the definition of HMBZ-duals. Motivated by this fact, Kutyniok et al. [22] considered a modified version of HMBZ-duals which is a generalization of the idea in [13] . This notion of duality for fusion frame in the sense of [22] , as the main object of study of this work, will be explained and justified in the next sections. Moreover, based on this duality notion for fusion frames, we propose a new concept of Bessel fusion multipliers in Hilbert spaces, which is a slightly modified version of [3, 24] . It extends the commonly used notion and, in particular, we show that with this definition in many cases Bessel fusion multipliers behave similar to ordinary Bessel multipliers.
Operator-valued frames: an overview
In this section, we give a brief overview of operator-valued frames which includes ordinary frames and fusion frames as elementary examples. To this end, we need to set some notations that will be used throughout the paper. In what follows, ℓ p (I) (1 ≤ p < ∞), ℓ ∞ (I) and c 0 (I) have their usual meanings and H and K always denote Hilbert spaces. The set of all bounded linear operators from H into K will be denoted by B(H, K). As usual, we set B(H) := B(H, H). An operator T ∈ B(H, K) is said to be in the Schatten p-class if {λ i } i∈I ∈ ℓ p (I) where {λ i } i∈I is the sequence of positive eigenvalues of |T | = (T * T ) 1/2 arranged in decreasing order and repeated according to multiplicity. Given 1 ≤ p < ∞, C p (H, K) denotes the Schatten p-class. For an operator T ∈ B(H, K),
• the notations ran(T ) and ker(T ) are used to denote the range and the kernel of T , respectively • the letter T | V refers to the restriction of T to a subspace V ⊂ H. Following (1.2), for Hilbert spaces H and K, we set
Moreover, the notation ℓ ∞ (I, B(H)) is used to denote the set
and C 0 (I, B(H)) refers to the set of all R ⊂ B(H) with the property that for each ε > 0 there exists a finite set J ⊆ I with sup i∈I\J R i < ε.
Recall from [22] (and also [21] ) that a sequence
The constants α A and β A are called lower and upper frame bound of A, respectively. If only the right inequality of (2.1) is considered, then A is called an operator-valued Bessel sequence.
For an operator-valued Bessel sequence A ⊂ B(H, K), the notation T A : H → K with T A x := {A i x} i∈I denotes the associated analysis operator. Its adjoint T * A , the synthesis operator of A, maps K into H and defined by T * A {z i } i∈I := i∈I A * i z i for all {z i } i∈I ∈ K. The operator S A := T * A T A is called the frame operator corresponding to A and it is a positive bounded self-adjoint operator. In particular, for an operator-valued frame A the operator S A is invertible.
It is worthwhile to recall from [22, Subsections 2.2 and 2.3] that ordinary frames as well as fusion frames can be considered as operator-valued frames. In details, suppose that Φ = {ϕ i } i∈I is a sequence (of vectors) in H. If, for every i ∈ I, we define an operator
} i∈I is an operator-valued frame if and only if Φ is a frame for
In particular, the analysis and frame operator of the Bessel sequence Φ are defined by T Φ := T A Φ and S Φ := S A Φ , respectively. The reader will remark that if K = C, then K = ℓ 2 (I). Hence the above definitions is consistent with the corresponding definitions in the concept of ordinary frames; see [22, Page 9 and 10] for more information. Similarly, a fusion sequence (W, ω) can be identified with the sequence of operators A W := {ω i P W i } i∈I which is a B(H)-valued frame for H if and only if (W, ω) is a fusion frame for H. The analysis operator and the fusion frame operator of the Bessel fusion sequence (W, ω) as an operator-valued Bessel sequence are then defined by T W,ω := T A W and S W,ω := S A W , respectively. At this point we would like to remark that T W,ω is an operator from H into H whereas the operator T W is an operator from H into K W , by what was mentioned in Section 1. With this notation, we can give a characterization of fusion frames in terms of the associated synthesis and analysis operators. In details, the fusion sequence (W, ω) is a
• Bessel fusion sequence if and only if T * W,ω is well-defined and bounded with T * W,ω ≤ β Wω ;
• fusion frame if and only if T * W,ω is onto;
• Riesz basis if and only if T * W,ω is invertible, that is, injective. Recall also from [22] that an operator-valued Bessel sequence B = {B i } i∈I ⊂ B(H, K) is a dual operator-valued frame (or simply a dual) of an operator-valued frame A = {A i } i∈I if
By D(A) we denote the set of all duals of the operator-valued frame A. In particular, it is shown in [22, Lemma 3.2] that
where
Main results
We start this section by stating the definition of dual fusion frames in the sense of [22] . It is essentially [22, Definition 3.10] , although that definition is stated in terms of identity operator.
In this definition and in the sequel, for two fusion sequences (V, υ) and (W, ω) in H, the notation I 0 (V, W) is used to denote the following subset of I:
which is equal to the set of all i ∈ I such that υ i = 0 or ω i = 0. Moreover, a sequence
Definition 3.1. Let (W, ω) be a fusion frame for H. A Bessel fusion sequence (V, υ) is a (resp. generalized) fusion frame dual of (W, ω) if there exists a (V, W)-
is (resp. identity) invertible operator on H, where
At first we note that an argument similar to the proof of [22, Theorem 3.13.] with the aid of [22, Lemma 3.2.] and [17, Theorem 2.1] gives the following analogue of that theorem for generalized fusion frame duals, so we avoid the burden of proof. (1) (V, υ) is a fusion frame dual of (W, ω).
with T * L T W,ω = 0 and invertible operator U ∈ B(H) such that for the operators
The following result is a generalization of [5, Theorem 1.2] to operator-valued dual frames as well as fusion frame duals with different proof. 
Proof. We prove the assertions (1) and (2); since, with the aid of Proposition 3.2, the proof of (3) and (4) are similar. We first prove (1), which is the essential part of the theorem. To this end, suppose that we had an element {y i } i∈I in K not belonging to L∈L A ran(T A(L) ). Then, by the Hahn-Banach and Riesz Representation Theorems, we would have a {z i } i∈I in K such that {z i } i∈I , {y i } i∈I = 0 and
In particular, {z i } i∈I ⊥ ran(T A(L) ) for all L ∈ L A . However, this is not possible; This is because of, if we define ϑ e : H → K by ϑ e (f ) := f, e {y i } i∈I , where e ∈ H is such that e = 1. Then ϑ e is in B(H, K) and ϑ e (e) = {y i } i∈I . Moreover, for A(0) and A(P ker(T * A ) ϑ e ), we have
It follows that T * A {z i } i∈I = 0 and thus
This contradiction proves that (1) holds. To prove (2), we note that the hypothesis T * B T A(L) = 0 for every L ∈ L A , together with the density of ∪ L∈L A ran(T A(L) ) in K imply that ker(T * B ) = K. This says that ran(T B ) = {0} and thus B i = 0 for all i ∈ I.
Since their introduction in 2007 (see [4] ), ordinary Bessel multipliers, as a generalization of Gabor multipliers [12] , have been extensively generalized and studied, see for example [3, 5, 17, 18, 24] . The reader will remark that invertible Bessel multipliers is a proper generalization of duality notion in Hilbert spaces which permits us to have different reconstruction strategies. However, there has only been one approach yet for studying the invertibility of fusion frame multipliers [24] . In the following, we want to study a new concept of Bessel fusion multipliers in Hilbert spaces, which is a slightly modified version of [3, 24] . In particular, we show that with this definition in many cases Bessel fusion multipliers behave similar to ordinary Bessel multipliers, see Remark 3.8 below.
Our definition of the term "Bessel fusion multiplier" is given in the following. Before that, let us note that if we associate to a sequence m = {m i } i∈I and R = {R i } i∈I ∈ ℓ ∞ (I, B(H)) the following bounded operators:
and That (m, R)-Bessel fusion multipliers generalize the notion of fusion frame duals follows from the facts that for each i ∈ I we have
It also generalized the notion of ordinary Bessel multipliers. To see this, suppose that Φ = {ϕ i } i∈I and Ψ = {ψ i } i∈I are two Bessel sequences in H. If, for every i ∈ I, W i := span{ψ i }, V i := span{ϕ i }, ω i := ψ i , υ i := ϕ i , then (W, ω) and (V, υ) are Bessel fusion sequence which is called the Bessel fusion sequence related to Φ and Ψ, respectively. In particular, if we define R i : H → H by
Particularly, for each symbol m, the R-Bessel fusion multiplier M mR,V,W is equal to the ordinary Bessel multiplier M m,Φ,Ψ (x) := i∈I x, ψ i ϕ i (x ∈ H). This is because of, for each x ∈ H we have
The following note is a very useful tool in our present arguments.
Note 3.5. Suppose that m ∈ ℓ ∞ (I) and that R ∈ ℓ ∞ (I, B(H)). Then it is easy to see that M * m and D * R , the adjoint of M m and D R , respectively, are given by
where m denote the sequence {m i } i∈I ∈ ℓ ∞ (I) and for each i ∈ I the letter m i refers to the complex conjugate of m i . Particularly, if C(m, R) refers to the following hypothesis:
∀x ∈ H and ∀j ∈ I, then (1) for each j ∈ I, the operator m j R j is invertible and the sequence (mR)
. It follows that the bounded operator
is the inverse of D mR ; (2) the sequence m ∈ ℓ ∞ (I) is semi-normalized, that is,
The following proposition gives some necessary conditions for invertibility of (m, R)-Bessel fusion multipliers. As usual, the excess of Bessel fusion sequence (W, ω) is defined as e(W, ω) := dim ker(T * W,ω ) . Proof.
(1) For briefness, we only show that (W, mω) satisfies the lower fusion frame condition. To this end, suppose that x is an arbitrary element of H. We observe that
We now invoke the inequality
is a lower fusion frame bound for (W, m av ω). (2) We prove the first equality; the proof of the second is similar. To this end, we note that T * W,mω = T * W,ω M m av , where
Moreover, since inf i∈I |m i | > 0, the bounded linear operator M 1/m av {x i } i∈I := { 
then it is not hard to check that the nullity of the operator
On the other hand, using the nullity of the operator UT W,ω M −1 and the equality
It follows that
Hence, we have
Similarly, one can show that
We have now completed the proof of the assertion (3).
Recall from [25] that in the case where Φ = {ϕ i } i∈I and Ψ = {ψ i } i∈I are two Riesz bases for H and m is chosen so that
that is, m is semi-normalized, then a Riesz multiplier M m,Φ,Ψ = T * Φ M m T Ψ is automatically invertible without any extra assumptions on Riesz bases Φ, Ψ. This result is also true for Riesz fusion multiplier M mR,V,W , whenever m and R are chosen so that the hypothesis C(m, R) is valid; This is because of, in this case the operator M mR,V,W is the composition of three invertible operators T * V,υ , D mR and T W,ω . This stands in contrast to the notions of Bessel fusion multipliers in the sense of [3, 24] , see Remark 3.8 below.
The following theorem completely characterize invertible (m, R)-Riesz fusion multipliers. It is an analogous of the main result of [25] for ordinary Riesz multipliers. Note that our approach is different from that of [25, Theorem 5.1] . In particular, it shows that having a proper freedom in the choice of the symbol (m, R) permits us to have infinitely many invertible Riesz fusion multipliers as well as different reconstruction strategies. From this, we can deduce that ker(T * V,υ ) is isomorphic to ker(T * W,ω ) = {0}. Hence, the operator T * V,υ is injective and thus (V, υ) is a Riesz basis. Conversely, suppose that M mR,V,W is invertible. This together with the invertibility of the operator T W,ω imply that T * V,υ M m D R is a bounded invertible operator. Hence, the Open Mapping Theorem guarantees that there exist positive constants α and β such that
Moreover, for each x ∈ H and j ∈ I, we observe that
V,υ {δ i,j x} i∈I , where δ i,j refers to the Kronecker delta. From this, by inequalities 3.1, we deduce that
for all x ∈ H, and this completes the proof of this part.
(2) In light of part (3) of Proposition 3.6 and part (1) the proof is trivial and so the details are omitted.
For the formulation of the following statements we ask the reader to recall from Section 2 that T W,ω is an operator from H into H whereas the operator T W is an operator from H into K W . Also, it is worth noticing that, the following remark illustrates that
• the invertibility of a Riesz fusion multipliers in the sense of [3, 24] does not depends only on its symbol whereas the invertibility of (m, R)-Riesz fusion multipliers depend only on the chosen of their symbols; • the set of all invertible Riesz fusion multipliers in the sense of [3, 24] is a proper subset of the set of all invertible (m, R)-Riesz fusion multipliers.
Remark 3.8. Suppose that (W, ω) and (V, υ) are two Bessel fusion sequences and that m ∈ ℓ ∞ (I).
(1) A notion of Bessel fusion multipliers was defined in [3] as follows:
The reader will remark that this notion of Bessel multiplier can be considered as a special weighted version of Eq. (1.4) . Now, suppose that (W, ω) and (V, υ) are Riesz fusion bases, that is, the operators T * W and T * V are injective. If M m,V,W is invertible, then by a method similar to that of Theorem 3.7 one can show that there exist positive number γ such that
Hence, if m is semi-normalized, then we can deduce that for each i ∈ I, the operators P W i | V i ∈ B(V i , W i ) are bounded below and thus they are isomorphisms. We now invoke Proposition 3.3 of [6] to conclude that the Riesz fusion multiplier M m,V,W is invertible if and only if
for all i ∈ I, which seems to be of hardly any use in applications. Hence, there exist infinitely many non-invertible Riesz fusion multipliers with semi-normalized symbol in the sense of [3] . (2) Another notion of Bessel fusion multipliers was defined in [24] as follows:
The reader will remark that this notion of Bessel multiplier can be considered as a weighted version of Eq. (1.3).
With this definition of Bessel fusion multipliers, there exist infinitely many non-invertible Riesz fusion multipliers with semi-normalized symbol. This is because of, if V is a Gǎvruţa-dual of W, then, in general, W is not a Gǎvruţa-dual of V, by what was mentioned in Section 1. Hence, a Riesz fusion multiplier in the sense of [24] may have a right inverse which is not its left inverse, see [24, page 7] . On the other hand, an argument similar to the proof of Theorem 3.7 shows that, if M m,V,W is an invertible Riesz fusion multiplier, then there exist γ > 0 such that for all operator-valued dual frame A V opd of A V , where, for each i ∈ I, L i is the unique solution of the operator equation
which can be obtained by Douglas's Theorem [10] and its proof.
Proof. By (3.2), for each i ∈ I, we have
Observe that L := {L i } i∈I is an operator-valued Bessel sequence for which
V,υ D mR {x i } i∈I , for all {x i } i∈I ∈ H. From this, we deduced that
It follows that Q † is an operator-valued dual frame of A W . Moreover, if A V opd is an arbitrary operator-valued dual frame of A V , then, on the one hand, we have For the formulation of the next result which describe the invertibility of (m, R)-Bessel frame multipliers in terms of local frames, we need to recall the notion of local frames as well as local dual frames. Toward this end, suppose that (W, ω) is a fusion frame for H. If Φ i = {ϕ i,j } j∈J i (i ∈ I) is a frame for W i with frame bounds α i and β i , respectively, such that 0 < α = inf i∈I α i ≤ β = sup i∈I β i < ∞, then the sequence {Φ i } i∈I is called local frames of (W, ω). Also, if Φ i (0) = { ϕ i,j (0)} j∈J i is the canonical dual frame of Φ i in W i , then we call { Φ i (0)} i∈I the local canonical dual frame of {Φ i } i∈I . it suffices to show that Φ and Ψ are ordinary Bessel sequences. Toward this end, suppose that x ∈ H. Then, observe that
